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312 B.ROTHBERG BIBBY AND OTHERS

Measurements have been made of the onset of the superconducting phase transition of
tin whiskers (single crystals of diameter 1-2 um and length several millimetres) as a
function of temperature 7, magnetic field H, and elastic strain ¢ up to 2 %,. For samples
of this size (denoted ‘moderately small’ since they are larger than A(0)), there is a range
of temperatures, approximately 20-30 mK below the transition temperature 7¢(¢), for
which the transition is of second order in the Ehrenfest sense. Below the temperature
denoted 77(e) the transition is of first order and may exhibit hysteresis.
The phase diagram at constant strain is derived from the equation

AG = — Ay + 3By +3Cy,

where AG is the free energy difference between the superconducting and normal states,
i is the wave function of the superconducting electrons, and the coefficients 4, B and C
each comprise two terms, of which one is field-dependent, being proportional to H2
The other, field-independent, term is Ginzburg’s (1958) expression for the zero-field
energy difference, so that 4 contains a term proportional to (71— T'), and B is indepen-
dent of 7' Coeflicient C contains a field-independent term, assumed independent of 7,
which we introduce for consistency. The condition 4 = 0 describes both the second-
order transition and limiting supercooling, while the transition at thermodynamic
equilibrium in the first order region and limiting superheating are described by
B*=—-134C and B? = —44C respectively. The Landau critical point (H', T")
is given by B = 0, A = 0. If the limiting metastable transitions for a cylinder in parallel
field are included on a phase diagram, then the supercooling curve is a continuation
of the second order curve while the curve for thermodynamic equilibrium branches
from it tangentially if C(H’, T") > 0, or at a slope which is 1.32 times greater than this
ifC(H', T") = 0. The case C(H', T") < 0isdiscussed elsewhere (Nabarro & Bibby 1974,
following paper in this volume). The last case arises because our observations indicate
that the field-independent term in C is negative. Estimates of the sample size were
made by using the present theory and were in fair agreement with estimates made
electron-microscopically.

Expressions for the change at the superconducting transition of the specific heat
and other second derivatives of the Gibbs free energy above and below 7" are derived.

Itis shown theoretically that the transition remains of second order when the sample
is strained elastically. Some of the Ehrenfest relations describing a second order tran-
sition with two independent variables are experimentally verified from our data.

1. INTRODUCTION

The transition of a bulk superconductor to the normal state in the absence of a magnetic field is,
except in an immeasurably small range of temperatures (ca. 10714K) close to the critical tem-
perature 7, (Kadanoff e al. 1967), of second order in the sense of Ehrenfest (1933). (See also
Pippard 1960.) In the presence of a magnetic field the transition is of first order, and may be
hysteretic, showing superheating, supercooling or both. If the sample has a dimension small in
comparison with the penetration depth of a magnetic field at the temperature of the transition,
the penetration of the field can reduce the order parameter ¥ continuously to zero, and the trans-
ition can be of second order even in the presence of a field (Silin 1951; Ginzburg 1958). The corre-
sponding vanishing of the energy gap has been observed directly by tunnelling experiments
(Douglass 1961).

Since the penetration depth A(7") increases to infinity as the temperature 7 tends to T¢, there
exists for a sample of moderate or large size a temperature 7" at which A(7') is comparable with
its smallest dimension. Transitions occurring at the corresponding ficld H’, or in lower fields,
are of second order. On this model, 7" does not exist if the sample is so small that its smallest
dimension is less than A(0). We call a sample ‘moderately small’ ifits smallest dimension exceeds
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MAGNETIC TRANSITION IN SMALL SUPERCONDUCTORS 313

the penetration depth at zero temperature A(0) but is still small enough for the temperature range
between 7" and 7. to be experimentally accessible. Pippard (1952) discussed the thermodynamic
properties of a sample in this region, at a time when there were no complete theories of super-
conductivity. Bardeen (1962) showed that even for a ‘very’ small sample, with a smallest dimen-
sion less than both A(0) and the coherence length £(0) at zero temperature, the B.C.S. theory
leads to a finite value of 7.

The aim of the first part of this paper is to bring together and extend the existing theories,
and in particular to relate the thermodynamic properties immediately below 7" to those above 7".
Our analysis is based on the observation (see, for example, Goldman 1973) that a theory based on
series expansions in powers of ¥ up to ¥¢ is adequate to describe the transition completely at
temperatures above 7”. We note that consistent use of terms in ¥ is necessary in order to describe
the first order transition immediately below 7. While many other examples of Landau critical
points such as 7" are known (see, for example, Griffiths 1973), this is probably the only example
in which the transition of higher order is truly of second order in the Ehrenfest sense, and accu-
rately represented by a theory of the Landau type.

We also present some new experimental results. Our own samples were whiskers of tin, which
could be strained elastically by 1 or 29%,. Their transition from the superconducting to the normal
state in small magnetic fields is a second order transition with two degrees of freedom (strain ¢ and
field H) and therefore provides some direct demonstrations of the Ehrenfest equations with two
degrees of freedom. These are described in the second part of the paper. (A similar transition
surface has been proposed by Hake (1968, 1969), namely that of a type 1I superconductor at the
second critical field H,, at a pressure P, but the mixed state is not a classical homogeneous phase;
this surface has not yet been studied experimentally.) If pressure P or stress o is included as a
parameter then instead of a Landau critical point we have a Landau critical line in three dimen-
sional phase space.

I. SAMPLES FREE FROM STRESS
2. ForM oF THE GIBBS FREE ENERGY

In order that we may later be able to generalize the form of the Gibbs free energy per unit
volume, G, we write, following Ginzburg (1958),

G=G—G6"=—ayf?+ by —§pH (2.1)
and ay = a(Te— T)|Te, (2.2)

where 4 and &, are positive constants, assumed independent of field H or temperature 7. The
superscripts s and n denote the superconducting and normal states respectively and x = f Mdv
is the magnetic moment of the sample of volume v. We are concerned with samples so small that
the superconducting wave function ¢ is uniform, and may therefore take i to be real. In zero
field, because of (2.2), Y decreases steadily to zero as the temperature is increased to 7¢; in this
way a second order transition is described.

In Ginzburg’s (1958) normalization, which we use later in this paper (§5), the zero-field
equilibrium value ¥y, of the order parameter is found by putting 0G/0y = 0 and is given by

Yo = /by, (2.3)
leading to Gr—Gs = HZ /87 = d}[2b,, (2.4)
where Hen(7) is the critical field of a bulk sample.
34-2
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314 B.ROTHBERG BIBBY AND OTHERS

Von Laue’s (1949) expression for the magnetization of a cylinder of radius 7 in a magnetic
field A parallel to its axis is

M = pfo = [~ L(r|]A) H[[4x1,(r/A)], (2.5)

where [,,(x) = i~"J,, (ix) and J,, is the Bessel function. In this expression, the penetration depth
Ais a function of temperature. In the present case, where we assume thatr < £(7), Ais also a func-
tion of the applied field /, but it is uniform throughout the sample. In Ginzburg-Landau theory,
for a clean material,

A% = dm(e*) 2% me? = Iy, (2.6)

where ¢* is twice the electronic charge, m is the effective mass of the carriers, and ¢ is the speed of
light. Thus we can expand the right hand side of (2.5) to sixth order in A~* or r to give

G = —ay Y%+ Lb 4+ my H2A~2 —my H2A~4 + mg H2A 8, (2.7)
where
my = r?[64m, my, =r4384n and my = 11r/245767. (2.8)

For a circular cylinder in transverse field, von Laue’s (1949) expression for z/v is twice that in
(2.5), so that m,, m, and my are twice as large as in (2.8).

For consistency we introduce a term + ¢, ¥% in the zero-field free energy. We are concerned
in this work with transitions which occur very close to T, and therefore neglect the temperature
dependence of all coefficients except a;. (Bardeen (1962), who treats transitions in very small
specimens, which occur at temperatures well below 7¢, uses the temperature-dependent coeffi-
cients of the B.C.S. theory.)We obtain

G = —a, 2 bhy Yt Joy Y0+ H2my Ly — my Byt mol39), (2.9)
which is of the form ,
G = —AY*+ 5Byt + 5CYS, (2.10)
where '
A=a,—aH?* B=5b—-bH* and C=c¢, +c,H? (2.11)
and
ay =mly, by =2myl} and ¢, = 3myl3. ~ - (2.12)

The coefficients a,, a5, b,, b, and ¢, are all positive, while g, is a function of 7. The equations
A = 0, B = 0therefore define a singular point, the Landau critical point (7", H’), which is fre-
quently described as a tricritical point. According to Brandt (1973), ¢; is negative, and the be-
haviour of the sample therefore depends on the sign of ¢; +¢, H'% Since ¢, is independent of the
radius of the sample, while ¢, is proportional to 75, C will be positive at the Landau critical point
for rather large samples and negative for rather small samples. It seems that the only samples for
which we have detailed measurements may be of such a size that C ~ 0 at the Landau critical
point. We shall also consider the theory for this special case, although our solution will not always
be stable against perturbations.

In transverse field, G is of the same form as (2.10), with appropriate values in (2.8).

In the appendix we give formulae analogous to (2.6)—(2.12) in the case of a very small, ‘dirty’,
superconductor, discussed by Bardeen (1962). These formulae are in terms of 4 (the temperature-
dependent energy gap) instead of ¥, but both A4 and y are implicit variables, so that it is sufficient
to show that G has the same form in both cases. Some of the formulae for the various critical fields
and temperatures, latent heats and specific heats which are developed in the body of the paper in
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MAGNETIC TRANSITION IN SMALL SUPERCONDUCTORS 315

the Ginzburg limit for ‘clean’ materials near 7; can be taken over and applied in the Bardeen
limit for avery small ‘dirty’ sample at all temperatures below 7¢. In the Bardeen limit A~2 must
be expanded in higher powers of 42, while in the Ginzburg limit A~2 is simply proportional to y2.
In the Bardeen limit 7 € A(0), so no terms higher than (r/A)? in $uH need to be considered. The
point 7" given by the Bardeen theory is not size-dependent but depends on the parameters
N(0) and V of the microscopic theory; Bardeen’s formulae were validly used for our whiskers
near 7 (Rothberg, Nabarro & McLachlan 1974) but cannot be used to discuss the experimentally
observed branch point (H’, T"), for which the theory of Ginzburg’s type discussed below is used.

G| (@ (b)
b
0.1 —
4 4
3 3
9 4 ¢.2
q | q T
i
| ? |
! ! [
—0.1 -\ — | p) .
I 1 NN
o | 1 T\ N
NI [ I
: 1 : | | | : |
2- e N
B N Il
4 o L
i o IR
I 1/locus of minima P : ! : | :
| ' ; : } ; | | locus of
1" locus of minima : i : :: minima
| | 1 | ! T "
0 05 10 0 05 10 SO 1 08 10
2 I~ .
[/ locus of maxima

Fieure 1. Upper axes show the Gibbs free energy G as a function of the order parameter 12, according to (2.10),
for C > 0 and various values of 4. (a) B > 0; second order transition for 4 = 0; (b)) B = 0; Landau critical
point for 4 =0; (¢) B < 0; first order transitions: limit of supercooling when 4 = 0 (curve 2); thermo-
dynamic equilibrium when B? = —%84C (curve 4); limit of superheating when B2 = —4A4C (curve 5). Lower
axes show the relation between A4 and the minima ¥, given by (8.1). When the transition is of first order,
g no longer goes continuously to zero as 4 becomes zero. Since 4 = [o(T,— T)|T,]—a, H?, with a, T, a,
constants, these graphs can be used to describe the nature of the transition as a function of magnetic field H
and temperature 7. In (a), C = 3; B=2; 4 =1, 0.7, 0.5, 0 for curves 1-4 respectively. In (b), C = 3;

B,=0; 4=0.6, 0.5, 0.3, 0, —1 for curves 1-5 respectively. In (¢), C=3;B= —2;4 = 0.1, 0, — 0.1,
—0.25, —0.33 for curves 1-5 respectively.

3. G As A FUNCTION OF A, B AND

We now exploit the fact that many of the results obtained by Ginzburg (1958), using the exact
expression (2.5), can be derived by using terms only up to order %, so that the simpler equation
(2.10) can be used to give analytical results in further discussions, assuming for the present that
C > 0. We note, however, that it is inconsistent to consider the term ¢, /¢ while neglecting
the term }¢, % The condition (0G/dyr),, = 0, applied to (2.10), gives either i, = 0 (the normal
state) or

Y = [— B+ (B2 +44C)]/2C. (3.1)
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316 B.ROTHBERG BIBBY AND OTHERS

We use the convention that the radical denotes the positive square root. If the positive sign is
chosen and if either 4 or C'is small then (3.1) tends to

Y = A|B, (3.2)
which is the solution that is obtained by putting C = 0 in (2.10).

The sketches on the upper axes of figures 14, 4, and ¢ show G as a function of ¥2. C is positive
in all three cases, but B is positive, zero and negative in figures 14—¢ respectively. The value of 4
decreases to give curves 1, 2, 3, 4 and 5 on each graph. On these graphs the minima ¢ are found
by taking the positive sign of the radical in (3.1), while the maxima in figure 1¢ are obtained
by taking the negative sign. The relation between 3§ and 4 = [a(Tc— T')[T;] — ay H? is plotted
in the lower parts of the figures with the same abscissa scale.

In figures 1a, b, Y% decreases continuously to zero as 4 is decreased, and the transition is of
second order, occurring at 4 = 0. In figure 15, the lower graph has a horizontal slope at 4 = 0;
this series of three figures shows that the change from second to first order transitions occurs when
B = 0. This can be seen analytically from (3.2), since real solutions for 1/ are only obtained if
B > 0 when 4 = 0. Thus (4 =0, B = 0) gives the Landau critical point, namely the lowest
temperature 7" and highest field H’ at which the transition is still of second order.

TABLE 1. VALUEs OF 4, B AND ¥ AT THE SUPERCONDUCTING TRANSITION, FOR C > 0

equations
type of determining value of relation between
transition the transition [/H A, B, and C
second order thermodynamic dG/dy? = 0 0 4=0
region equilibrium Yo=0 B>0
transition
first order region limit of super- dG/dy? = 0 - B|C A4=0
cooling Yo=10 B<o
thermodynamic dG[dy? = 0 —3B[4C 4<0
equilibrium G=0 B2 = —164C/3
transition Yo # 0
limit of d2GJ(dy2?)? = 0 - BJ2C A<0
superheating dG[dy? = 0 B2 = —44C
Yo # 0

In figure 1¢ the value 4 = 0 (curve 2) no longer corresponds to a transition to the normal state.
As A is decreased further, G(¥?) develops a maximum, which forms a potential barrier so that in
curve 4, although simultaneously G = 0 and dG/dy = 0 both for ¥ = 0 and for ¥, # 0, the
transition between these equilibrium states is hindered. As 4 is reduced further, a metastable
state persists until the maximum and minimum coincide in curve 5 and the metastable state
disappears, when the sample becomes normal; as is seen in the lower diagram, ¥ drops suddenly
to zero: the transition is of first order. Curves 2 and 5 correspond to first order transitions at the
limits of supercooling and superheating, while curve 4 corresponds to thermodynamic equilibrium
between the superconducting and normal states. Criteria for the various critical conditions were
stated by Ginzburg (1958) and are shown in table 1. The condition C = 0 does not give rise to
any phase boundaries.

The criterion 4 = 0, B > 0 for the transition in the second order region is independent of C

and the transition curve is given by
a(Te—T)[Te = ayH2 (3.3)


http://rsta.royalsocietypublishing.org/

PN

s |

/

AL

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

/| \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

MAGNETIC TRANSITION IN SMALL SUPERCONDUCTORS 317

In the Ginzburg limit where a, = m, [, H?the transition curve s given (using (2.3), (2.4) and (2.6)),
by HX(T) = 1603(T) HZ 1% (3.4)
here Ay(7T) is the zero-field penetration depth and H.(7') is the enhanced critical field of a small
sample.

To analyse our data, we use the experimentally determined (Mapother 1962; Daunt et al.
1948) explicit dependences on the reduced temperature ¢ = T[T

Heyp = Hyy(1—-12) > 2H (1 —t) if T~ T, (3.5)

and Ao(T) = Ago(1 =t F = Qp(1=0)"2/2 if T~T, (3.6)

where H, and A, denote values at absolute zero, as in Ginzburg (1958). The transition curve is

thusgivenby H = 16(Aofr)* Hio( To= )T, ()
so that a graph of Hf against T has a slope of

(QHHOT) = — 16(Agofr)? Hiy/T:. (3.8)

In transverse field, the second order transition is given by the same condition 4 = 0, but m,, m,
and mg are twice as large, so (0HZ/0T') has half the value of (3.8). Lutes (1957) used a similar
analysis, verifying that H? was proportional to 7"in the second order region near T, for six whis-
kers. Our experimental results are new in that, as will be discussed in the second part of the paper,
elastic strain ¢; is an experimental parameter which we could control, while Lutes’s whiskers
were strained to a constant but unknown extent.

The Landau critical point (7", H') is given by 4 = 0, B = 0. In the Ginzburg limit this gives

AT) =r/y3 (3.9)
and H' = 4H,y(T")/3. (3.10)

In the second order region, r < 4/3A(T'). The same conditions (3.9) and (3.10) are obtained in
transverse field.

4, G AS A FUNCTION OF H aANnD T

The value of G in a state of equilibrium is obtained by substituting into (2.10) the value of
Y2 given by (3.1), where 4, B and C are given, as functions of the radius and material of the
specimen and of H and T by (2.11), (2.12), (2.6), (2.7) and (2.8). The nature of the sample is
specified by the three quantities Hy, 7c and r/Ay,, and it is convenient to normalize the expression
for G in terms of the values of H and T at the Landau critical point, namely (H’, T").

The equations 4 = 0, B = 0, which define the Landau critical point, give

H' = (b,[b)} (4.1)

and T =Tc—ay0,Te/b,a. (4.2)

We define ‘ h=H|H' (4.3)

and 8t = (Te—-T)[(Te—-T7). (4.4)
The equation (4 = 0) of the transition curve in the second order region is then

h?* = &t (4.5)

The same equation gives the normalized supercooling field /g ¢ in the first order region. This is to
be expected, since the second order transition and the first order transition from the normal to the
superconducting state on supercooling both occur when a zero of G/ occurs infinitesimally
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318 B.ROTHBERG BIBBY AND OTHERS

close to the zero which is always present at ¢ = 0. The normalized thermodynamic field 4, and
the normalized superheating field 4, in the first order region are given by

16a ¢ ¢
22— 18 s, oy (01 Cage
(1—h%) 3, (8t — h#) (bl+b2hT) (4.6)
and (1—hgp)? = __4a2<5t—hgh> (ﬁ-{_&hg.h)’ (4.7)
62 Bin bl bz .
where, from (2.8) and (2.12), the product
a5 Cyfb% ~ 0.7734., (4.8)

This is the first time in our analysis that the coefficient C of the sixth order term in ¥ plays a part.
This is to be expected. In the neighbourhood of the second order equilibrium line we are con-
cerned with a minimum of the function G(3?) which occurs for small values of ¢2. The term 1Ci/®
in (2.10) is then negligibly small. If C > 0, the curves have the forms sketched in figures 14, 4;
if C < 0, and we terminate the series for G with the term in %, G(1/?) decreases without limit as
¥? tends to infinity, but this unphysical region is separated from the region of small 1 in which
we are interested by a maximum of G(¥/?). In the first order region we are concerned with a
minimum of G (%) which occurs for a finite value of ¢? when C > 0, and does not occur when
C < 0unless (2.10) is supplemented by terms of higher order in 2.
We first assume that C'is non-negative at the Landau critical point, so that

bycyg+byey = 0. (4.9)

Since the same equation (4.5) describes both the second order thermodynamic equilibrium
curve and the supercooling curve, these two loci will be continuous on a plot in (42, 8¢) space and
the thermodynamic equilibrium curve in the first order region, given by (4.6), will branch from
this curve at an angle 6 at the Landau critical point (k% = 8¢ = 1). If 8¢ is increased by an
infinitesimal amount ¢, then

h*=1+e and 08¢ =1+e, (4.10)
and (4.6) gives ,
16a,€(1 —0) (bycy+bycy) = —3b, 036202 — 16a,b,¢,6%0(1 —0). (4.11)
If C # 0 at the Landau critical point, b,¢,+by¢; # 0, and (4.11) is satisfied to first order in € if
0 = 1; the thermodynamic equilibrium curve in the first order region is tangential to that in the
second order region, at the Landau critical point. If C' = 0 at the Landau critical point then (4.11)
must be taken to second order in ¢, and ¢ = 1 is no longer a solution; we obtain

0](1—0) = —16a,c,/3b} = —4.125. (4.12)

Using (4.8), this predicts that, if C' = 0 at the Landau critical point, the two thermodynamic
equilibrium curves must branch from each other, the slope of the second order curve being
unity if 42 is plotted against 8¢, while the slope of the first order curve is
d(h%)[d(8t) = 1.32, (4.13)
or, in non-normalized units,
(A(H)[AT) gy = —1.32(H)Y|(To T7).
We note that if C(H', T") = 0, C > 0 for 7' < T". The case in which C(H’, T") < 0 is discussed

in the following paper (Nabarro & Bibby 1974), and gives rise to a singularity which we call a
hypo-critical point. :
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MAGNETIC TRANSITION IN SMALL SUPERCONDUCTORS 319

IfC(H', T") > 0, the qualitative results do not depend on the exact value of ¢;, and the curves
of figures 2 and 3 are plotted for the Ginzburg-Landau value ¢, = 0.

Figure 2 shows £ as a function of 8¢. Below B = 0, the curves B2 = —44C and B? = — 164C/3
represent solutions which are not physically realizable, since 7§ is real but negative; such a
solution will occur for instance for curve 5 in figure 1.

1o
i

normal

h = HJH’

superconducting =0

1
1 0

8 = (T,-T)[(T.— T

0

S\

Ficure 2. Phase diagram for a small superconductor, showing field as a function of temperature where both
quantities have been normalized in terms of the coordinates of the Landau critical point (4 = 0, B = 0).
Curves arc shown for the Ginzburg-Landau value ¢, = 0. When B > 0, second order transitions occur
when 4 = 0. When B < 0, the limit of supercooling occurs when 4 = 0, thermodynamic equilibrium
when B? = —22AC, and the limit of superheating when B? = —4A4C.

To complete the normalization, we define
G' = (H')?/8n ’ (4.14)
and g=G|G" = (Gs—-G)|G". (4.15)

Figures 3a, b show (—g) as a function of 8¢ for different values of &. Figure 35 represents the
region near (H’, T’) on an enlarged scale. At & = 0, the graph has a horizontal tangent 0g/0t = 0;
the latent heat is zero and the transition is of second order. The curvature of the graphs at the
points ¢ = 0 measures the change in the specificheat AnsCy = — T 02G[0T? at the transition, which
thus is seen to be finite for 77 < 7" < T¢. The curvature of the graphs of (—g) against 8t at g = 0
in figure 3 is infinite at (77, H'), gradually becoming less as the field is decreased below H'. The
tails which curve upwards for T > 7.(H) represent the physically unrealizable solutions for
negative ¥2, and terminate at the points where /3 becomes complex. These features were pre-
dicted by Pippard (1956) on the two-fluid model, and are shown on his figure 2. When & > &',
superconducting solutions exist for ¢ > 0, implying that G5 > G™. These represent superheating.
For these curves, 0g[0f # 0 at g = 0, so there is a latent heat, the transition being of first order.

35 Vol. 278. A.
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Ficure 3. Gibbs free energy difference as a function of temperature, at various fields, where these quantities
have been normalized in terms of their values at the Landau critical point 42 = 8¢ = 1, and where¢; = 0. In
(b) the scale has been expanded near the Landau critical point. The slope 0g/0(5¢) at ¢ = 0 for any value of
h is proportional to the latent heat of the normal-superconducting transition, while the curvature is propor-
tional to the change in the specific heat at the transition. Tails curving upwards to the left represent physically
unrealizable solutions for negative ¥ terminating at points where ¥ becomes complex. All other solutions
are for real and positive 2. The tails pointing downwards in the first order region correspond to metastable
. states,
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5. FIRST AND SECOND DERIVATIVES OF G IN THE NEIGHBOURHOOD
OF THE LANDAU CRITICAL POINT

The evaluation of the derivatives of G is simplified by the fact that our assumed form depends
on 7 only through 4 (see (2.11) and (2.2)). It is in practice convenient to use the form (2.10),
together with the explicit dependence of ¢§ on H and T given by (3.1). The results for the dis-
continuity in Cy, the specific heat at constant magnetic field, are summarized in table 2. The
results of tables 1 and 2 are essentially those of Landau (1935) and Ginzburg (1958).
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There is a singularity at the Landau critical point, where B = 0, the discontinuity in specific
heat becoming infinitc at this point as was predicted by Pippard (1956) for the second order
region. This high value of ACy arises from the rapid dependence of % on T, given by

oy oA[eT

0T — J(B2+44C)
On the second order transition curve we have 4 = 0, d4/d7T" = constant and Boc T— 7",
which leads to ACjoc (T—T")-'. However, this high value of dy3/dT is confined to a
temperature range in the neighbourhood of the transition curve in which 44C < B? i.e. a range
of temperature of order (T — 7")%/(T.— T"). At constant magnetic field we have

—0YZ  —04[0 T | ~
0< 37 < Jd0) * JTil =17’ (5.2)

with a corresponding behaviour of Cj;, so that fA ns(;, d T converges even when the upper limit
is taken on the transition curve.

Our results also show (figure 4) how the specific heat discontinuity at 7¢(H) decreases as H
is increased above H’. Considering the thermodynamic equilibrium field H;, we see that ACy,
has the same form K/| T'— T”| on cither side of 7", the coefficient K increasing by a factor of two

(5.1)

TABLE 2. CHANGE IN FIRST AND SECOND DERIVATIVES OF G WITH RESPECT TO T,
AT VARIOUS CRITICAL FIELDS

(L, latent heat; S, entropy; Cy, specific heat at constant field.)

thermodynamic thermodynamic
critical field limit of critical field limit of
in second order supercooling in first order superheating
region, Hyp field, H, . region, Hy field, H,,
sign of B + - -
A™S = dGfoT 0 3B0A B o4
= L|T 4CoT 2C0T
G A™Cy —1/34 2 (04\?
T =TT B \oaT B\oT ®
i Hy
=
)
<

|
|
|
!

first order |second order
T’ 1.
T

Ficure 4. Discontinuity in the specific heat at the superconducting-normal transition, as a function of tempera-
ture. In the second order region, the discontinuity at the thermodynamic critical field Hp(T) is finite, in-
creasing as the temnperature T is reduced, to become infinite at Hp(T”). In the first order region the magnitude
of the specific heat discontinuity depends on whether the transition occurs at the supercooling field H, . (T),
at the thermodynamic field Hr(T') or at the superheating field H,, (7"). In the last case the discontinuity
is infinite.

35-2
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322 B.ROTHBERG BIBBY AND OTHERS

when the transition changes from second to first order. We do not know how far below 7" our
formulae for the first order region are valid, but expect them to be useful down to about 27" — T¢.
In the second order region we can write (using (3.5), (2.2), (2.3) and (2.4))

AnsCyy = THZ nT?(1—5¢), (5.3)

agreeing with the Rutgers relation at 7" = T¢.
We now consider the change at the transition of other second derivatives of G. The magnetic
moment M is given, from (2.9), by

M = — (0G[oH)p = —2H (a; Y8 — 3b: Y8 + §ea ¥0), (5.4)

where ¥ is again given by (3.1). The term in (0G/0y?) (0y?/0H ) vanishes, because the equili-
brium value ¥3 is determined by 0g/0y? = 0 when ¢ = ,. We find

(aa%{)ﬂ = “2H%*\7“(§§;1_‘4A—C) (ag—ba ¥ + 2 ¥5)- (5.5)

In the second order region 4 = 0 and ¥% = 0 at the transition, so that

() - =2
oT), ~ ~ B T

(5.6)

which has a singularity at the Landau critical point of the same form as that of the specific heat.
In the first order region, (0M[0T")y also has the same sort of behaviour as the specific heat dis-
continuity; for example, in the thermodynamic equilibrium field H; we find
2
7). = -2 (53) 3 (@ 08+ focacs) (5.7)

The second and third terms are finite and zero respectively at B = 0, so that the ratio of
(0M[0T)y to the discontinuity in the specific heat is constant in the neighbourhood of the Landau
critical point.

It can also be shown (from (5.4) and (3.1)) that (0M/0H), has the same behaviour at and
near the Landau critical point as have the other two second derivatives of G.

Tt is to be expected that other second derivatives of G behave in the same way. For example, the
discontinuity at the transition of the elastic modulus should become infinite at the Landau critical
point. This infinity can be interpreted physically ifitis remembered that the change from a second
to a first order transition implies a change into a situation where there is a volume change at the
transition. Properties of samples under strain are discussed in the second part of this paper.

In view of the results of this section, one may be concerned whether measurements of the
discontinuities in various properties at temperatures below 7" can be extrapolated through 7" to
give the values at 7¢. This is in fact the experimental procedure adopted, for example, on measur-
ing the change in specific heat at the superconducting transition (Cochran 1962), the change in
the coefficient of thermal expansion (White 1964), or the change of elastic modulus (Gibbons
& Renton, 1959). All these measurements were made on large samples, for which 7" is very close
to T¢, so that extrapolations are being made through 7" to obtain the value at 7¢. The following
argument shows that these extrapolations are justified.

Suppose that measurements are made of the change in a given property at the superconducting
transition, using a large and a small sample. Results on the two samples at a given temperature
below T will differ because the large sample excludes the magnetic field while the small sample


http://rsta.royalsocietypublishing.org/

0
'am \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

/| \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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allows the field to penetrate. At 7¢ there is no magnetic field, so that the same results must be ob-
tained for both large and small samples. Thus the results obtained on large samples below 7"
(where there is no field penetration because of their size) must extrapolate continuously to the
results at 7¢ (where there is no field penetration because H = 0). The singularity at 7" produced
by the penetration of the field is superposed on this smoothly extrapolated curve.

Equation (5.6) describing the second order region can be derived directly using terms only as
far as Y4 in G, since 3 = A/B, and

M = —2H(ay* + $b,¥%),

so that (@MJoT )y = ~ 208 2 (04, (5.8)

the second term is zero along the transition curve. Since 4 = 0 along the transition curve in the

second order region we also have v
—2Ha, 04

and (Mo, p =—22 4 (5.10)

where o is the stress applied to the sample. These three second derivatives of G all have the same
variation with temperature and field. They differ from ACy in that they are all zero at T, as is
to be expected since there is then no field to penetrate the sample. They all increase with de-
creasing temperature in the same way as does ACy, becoming infinite at the Landau critical point.
We shall see in the second part of this paper that the Ehrenfest relations require that such
interrelations between the second derivatives should hold.

In order to use equations (5.8), (5.9) and (5.10) in part IT of the paper, we use Ginzburg’s
(1958) normalization (see (2.3) and (2.4)) so as to work explicitly in terms of r/A,, and H,y,
and we also use the explicit temperature dependences of (3.5) and (8.6). These expressions for
the derivatives of M with respect to /, 7" and o neglect changes with A and 7 of the volume v
and radius 7. The quantity B becomes B = b; B’ where

B =1—3:(rfAy0)* (H]|Hy,)? (5.11)

and then (gﬂ—j{)}l(’ = 8—07%7 (’/{;})271—2, (5.12)
()., =7 (5g) (-7 @19
(.~ G (-F) o e ]

and from (5.3) A" Cy = TH[nT2B' = AC(Te)[B'T. (5.15)

6. EXPERIMENTAL METHOD AND RESULTS

The superconducting transitions of tin whiskers at fixed but unknown strains were studied by
Lutes & Maxwell (1955) and by Lutes (1957), who found that the size of a typical whisker is
such that the transition is of second order over an easily measurable range of temperatures near
T, typically 30 mK.
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324 B.ROTHBERG BIBBY AND OTHERS

Expcrimental details are given by Rothberg, Nabarro & McLachlan (1971). Sources of error
in the absolute strain calibration are re-evaluated here: a total error of + 4.3 9, arises from con-
tributions of + 0.3 9%, +19% and + 39, from the change with tempecrature of the elastic modulus
of the stainless steel block which determines the strain, the room temperature calibration error,
and the whisker gauge length measurement respectively. Despite this fairly large error in absolute
strain, uniform increments in strain could be applied with complete reproducibility, except for
one casc (whisker no. P 3) where some backlash was observed and corrected.

The transition temperature 7 was found to increase with strain for all four oricntations studied
([001], [100], [110], [111]) so that the sample in the normal state at zero field could be driven
supcrconducting by straining it at a fixed temperature. The crror in measurement of 7¢ is
+ 0.5 mK. Our results agree well with those of Davis, Skove & Stilwell (1966) and Cook
(1971). For whiskers of [001] orientation, the shift is linear, at a rate of 0.419+0.010K per

1 9, strain, so that
dlnT¢/de; = 11.2 4+ 0.3, (6.1)
which corresponds to a shift of

dT¢/doy = (4.83 £ 0.12) x 10~1* K cm?/dyn (6.2)

(using the compliances at low temperatures of Rayne & Chandrasekhar 1960). For whiskers of
[100] orientation, the shift is parabolic.

3.866 K
S
3.859
~~
|
3.848

3.837

3.827
/

3.816

S 17

voltage across whisker (arbitrary units)

3.805

) | /2

o 5['*-}7—'?—“ 3795

1 1 1 1 L

0 8 16
HIG

FFicure 5. Recorder tracings showing the measurement of the critical field H, (T, ¢) at a fixcd strain (0.35%) at
gradually reduced temperatures near 7T,(e) for whisker no. P3 of [001] axial orientation. Double-headed
arrows indicate a reversible transition; single arrows denote superheating and supercooling which occur
when the transition is no longer of sccond order. (I G = 10-4T.)
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Ficure 6. Recorder tracings showing measurement of H (T, ¢) for a [100] whisker, no. 24, which comprised
two segments of differing cross sections, hence at differing strains, the voltages across these segments being
labelled a and 4. (1 G = 104T.)

To map out the second order transition surface in (H, T ¢) space, the procedure adopted was
to set the strain of the sample, measure 7¢, and then gradually reduce the temperature, mea-
suring H (T, €) at closely spaced stabilized temperatures (about 5mK apart). The transition was
reversible, its width decreasing with temperature. The critical field H.(7,¢) was taken as that
field at which the voltage across the whisker, produced by a small measuring current, was half
the voltage in the normal state. At some temperature the onset of hysteresis, usually supercooling,
indicated that the transition was now of first order; at still lower temperatures superheating also
often occurred. At this stage the strain of the sample was changed and the procedure repeated.
Typical recorder tracings are shown in figure 5 and figure 6. The cross section of the whisker
shown in figure 6 apparently changed abruptly at some point down its length so that the two
segments, denoted @ and b, acted as two whiskers in series carrying the same load and their stress
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Figure 7. Graphs of () critical field H (T, ¢) and (b) H2(T, ¢) as functions of temperature 7" at various strains ¢

for whisker no. 21, of [001] axial orientation. Successive curves are at strain increments of 0,045 9%,, the curve
I being the zero-strain curve. Some supercooling points are included, appearing as lower branches for
T < T’(e), and some points in transverse field are also shown. In figure 74, the same straight line can be
drawn through the supercooling field points and the second order critical field points. (1 G = 10— T.)
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o a Ficure 8. Graph of (a) critical field H (T, ¢), (b) H%(T, ¢) for whisker no. P3 of [001] axial orientation at strain
O increments of 0.0459,. Curve I is the zero-strain curve. (1G = 104 T.)

=w differed; at a given nominal strain of the sample as a whole, the two scgments therefore had

different values of 7c. Morecover, because of its lower T¢.(€), segment a could still be in the second
order region at a given temperature while segment b was already in the first order region and
exhibited hysteresis. The two segments are plotted as separate specimens.

Some measurements were also made in a field perpendicular to the whisker axis, but attention
was concentrated on parallel-field bechaviour, mainly because the cross section of the whisker
was irregular and so a transverse field may be strongly concentrated along ribs at which the
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transition is initiated. Transverse fields may possibly give rise to an intermediate state or even to
flux flow in the whisker (see, for example, Rothberg ef al. 1971). The shapes of the transitions in
transverse field were similar to those in parallel field, sometimes being broader.

Figures 7a, b show H.(T,¢) and HZ(T,e¢) as functions of temperature 7 for a whisker of [001]
axial orientation (no. 21) at zero strain (curve I) and at successive strain increments of 0.04 9%,.
Thus curve 11 is at a strain of 0.67 9,. Measurements could not be taken at higher strains because
the cryostat could not be pressurized much above atmospheric pressure (~ 83kPa (62cm Hg)
in Johannesburg), setting a maximum temperature of about 4.05 K. Supercooling fields have
also been plotted on figure 7a, so that the point at which a given curve branches indicates 7" (¢);
the locus of such points is a boundary of the second order surface. Some results in transverse field
are also shown. Similar curves for another [001] whisker (no. P3) are shown in figures 84, b. The
apparently nonlinear shift of the (He, T') curves was due to slight jamming of the straining device,
which was subsequently corrected; nominally these curves are also at uniform strain increments,
of 0.045 %,. The true strain of each curve could be found since 7¢(¢) was known. It is seen that
(Te — T") increases with strain for this whisker, although it was fairly constant for the previous one.

T/K

F1cure 9. Graph of critical field H,(T)¢) for whisker no. 23, of [100] axial orientation. The curve on the extreme
left is for zero strain, and successive strain increments are 0.1% To emphasize the nonlinear shift of the
curves with strain, large portions of the first order transition surface have been included in the diagram.
The change from second to first order transitions occurs at about 4 x 10~* T (4 G) and is indicated by the onset
of supercooling, which is drawn as a branch on the curve. Some points in transverse field are also shown and
indicated L. (1 G = 10 T.)

Figure 9 shows H(T),¢) for whisker no. 23, which differed from the previous two whiskers in
two respects: (i) it was of [100] axial orientation, so that 7¢ and the entire (H,, T') curve shift non-
linearly with strain (ii) it was a thicker whisker (as determined from its electrical resistance and
by sectioning and examining it in an electron microscope after the experiment) so that 77(e) lay
closer to 7¢(¢) than it would have done for a thinner whisker; the fields 7’ were only about 4 G

+1G = 10T,
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as against about 12G for the other whiskers. Thus not many points could be obtained for this
whisker. (To emphasize the nonlinear shift of the curves with strain, large portions of the first
order transition surface have been included in the diagram.) As usual, points in transverse field
lie below the corresponding points in parallel field. Figure 10 shows some of the results obtained
for the two-segment whisker no. 24. The dashed curve at the extreme left is that for zero strain,
and (H,, T') curves are shown at four other strain settings, corresponding to increments of 0.45 %,
in the strain of the sample as a whole; the strain of each segment can be calculated from the sizes
of the two voltage signals across the whisker. This whisker was of [100] orientation and also
happened to be fairly thick, so each segment gave rise to a family of curves very similar to those
shown in figure 9 for whisker no. 23.
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Ficure 10. Values of H,(T, €) for the two-segment [100] whisker no. 24, plotted as a function of temperature T’
at total-strain increments of 0.045Y,. For clarity, the curves of segments b are not shown for all strain values.
(1G=10"*T.))

The results of least squares fits to plots of H? against 7" are shown in table 3, and the slopes of
such graphs are plotted as a function of strain for whiskers nos. 21 and P3, both of [001] orienta-
tion, in figures 114, &.

The largest source of error in these measurements is probably the inherent width of the tran-
sition, so that one must define Hc (¢, T') as the field at which the resistance of the sample has half
its maximum value. The width possibly arises from the irregular cross section of the whisker;
all the whiskers studied had a transition with a finite width, the thinner ones usually having a
sharper transition than the thicker ones, and the width usually increasing with strain.

It was necessary to know the change of Hj, with strain. This was estimated from measurements
of H¢(e, T') in the first order region, which were extrapolated to zero temperature-and corrected
for size effects (Rothberg 1972). In the first order region, H, was distinguished from superheating
and supercooling fields by the method described by Rothbergezal. (1971). Rothberg (1972) found

36-2
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330 B. ROTHBERG BIBBY AND OTHERS

that, for a whisker of a given orientation, Hy, and 7 varied together with strain, ¢.g. parabolically
for [100] and linearly for [001] whiskers. The results for cight whiskers, of three different orienta-
tions, could be summarized in the statement that
dln Hyp/dInTe = 1.2 + 0.1, (6.3)
so that
dln Hyfde;, = 13.4 + 1.4, (6.4)

The large error on this value arises from errors in the extrapolation procedure. Values of Hy,
in table 3 were obtained from these data.
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3500 1 | | ] | | | 2600 | | | 1 |
0 0.5 0 0.5
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FiGURE 11. Variation with strain ¢ of the slopes (dHZ?/dT) of the points in the second order region shown in
(a) figure 756 for the [001] whisker no. 21 and (b) figure 85 for the [001] whisker no. P3.

7. APPLICATION OF THEORY TO RESULTS AT ZERO STRAIN

Table 3 shows values of Ayfr for four whiskers, calculated from the given slopes of graphs of
H? against T, in accordance with (3.8). These values are given at various strains, but we will at
present discuss only the zero-strain curves. The last column sets limits on the value of Ay,/r, using
(3.9) and (3.6), so that

Agofr = 2(Te— T")}/(3Tc) . (7.1)

We basc our initial analysis on the assumption that the observed branch point is a true Landau
critical point and not a singular point with C = 0 or a hypo-critical point, although the experi-
mental results provide some evidence against this assumption. It is impossible to measure 7"
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TABLE 3. VARIATION WITH STRAIN OF THE SEGOND ORDER TRANSITION CURVES
AND RATIO Agofr FOR FOUR WHISKERS

Hyo(e)|G ‘ Agolr
(estimated Agofr (from (from estimates
slope standard from first slope and of the
strain —dHZ/dT error T(€) order estimated branching
(%) G2K-1} in slope K extrapolation) Hyy(e)) temperature 7")
(a) whisker no. 21 [001]
d 0 3614 55 3.7249 315 0.092 0.077-0.091
< ]/ ”‘ 0.024 3964 97 3.7396 312 0.098 0.10-0.109
~ 0.065 3806 127 3.7577 -— — 0.102-0.109
> 0.11 3984 54 3.7693 324 0.094 0.095-0.109
§ > 0.15 3764 76 3.7840 — — 0.10-0.112
~ 0.19 3832 64 3.8019 328 0.092 0.10-0.115
o) 18 0.23 4093 181 3.8161 e — 0.10-0.11
Q{‘ — 0.27 3973 102 3.837 330 0.094 0.097-0.11
= O 0.31 4017 117 3.8517 — — 0.104-0.115
I O 0.35 4046 76 3.8687 332 0.094 0.104-0.115
= w 0.39 4073 208 3.8860 — — 0.109-0.115
0.43 3984 50 3.9046 344 0.090 0.102-0.115
<z 0.47 4288 84 3.9214 —_ —_ 0.10-0.109
o (@) 0.51 3875 42 3.9442 337 0.092 0.115-0.13
I; 0.55 3988 112 3.9636 - — 0.10-0.12
8 Ou 0.59 4324 146 3.9806 342 0.096 0.109-0.115
g © 0.63 4484 203 3.999 — — 0.10-0.11
9 Z 0.67 4234 164 4.109 343 0.094 0.11-0.12
E é transverse field
0 594 26 3.7239 315 0.054 0.077-0.091
0.67 720 56 4.0186 343 0.055+ 0.11-0.12
(b) whisker no. P3 [001]
(U 2829 ) 133 ' 3.7298 309 - 0.082 - 0.084-0.10
0.027 2769 : 78 3.7464 311 0.082 0.10-0.11
0.074 2791 112 3.7545 314 0.082 0.84-0.10
0.12 2942 146 3.7723 317 0.084 0.10-0.11
0.17 2956 116 3.7909 317 0.084 0.09-0.105
0.21 3101 150 3.8145 314 0.086 0.11-0.12
0.26 3210 33 3.8271 321 0.086 0.12-0.13
0.30 - 2998 82 3.8429 323 0.084 0.11-0.12
0.35 3162 64 3.8681 325 0.086 0.12-0.13
- 0.39 3125 95 3.8851 325 0.084 0.12-0.13
T 0.44 3438 84 3.9150 322 0.090 0.11-0.125
— ~ (¢) whisker no. 23 [100]
< 0.08 1037 207 3.7299 303 0.052 —_
— 0.16 1207 97 3.7316 — — —
olm 0.24 1069 147 3.7353 - — —
m = 0.32 1121 31 3.7411 —_ - —
= :
0.41 966 57 3.7443 — — 0.052-0.07
E 8 0.81 1067 77 3.7854 305 0.052 —
= w (d) whisker no. 24 [100]
—n 0.53 1117 156 3.746 310 0.026 —
<Z 0.56 1259 146 3.7485 315 0.027 —
< @] 0.98 996 148 3.789 318 0.024 —
= 1.43 1289 140 3.858 322 0.027 —
0%k 1.87 941 21 3.9595 328 0.023 —
8 [72) 1.98 648 212 3.998 332 0.019 —
%E 1 Values in transverse field calculated assuming that the slope should be half as much as in parallel field (see
o (3.8)).

F1G=104T.
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332 B.ROTHBERG BIBBY AND OTHERS

experimentally but it is possible to set limits on 7" by using temperatures bracketing the Landau
critical point, at which the transition is of second and first order respectively. We then obtain a
second estimate of Aq/r by using (3.6) and (3.9). The values of A,,/r obtained by the two methods
agree satisfactorily, and are of the correct order of magnitude: if we assume that Ay, has a value of
about 50 nm (Laurmann & Shoenberg 1949) then the results of table 3 predict that the radii of
the [001] whiskers were about 0.55 um while the radii of the [100] whiskers were about twice
this value. These values of » are compatible with the estimates made electron-microscopically
(by sectioning) or from the normal resistance of the whiskers at room temperature (where
boundary scattering is negligible compared to phonon scattering) for which typical values were:
89Q for whisker no. P3 with a gauge length of 0.83 mm; and 20 Q for the thicker whisker no. 23
with a gauge length of 0.88 mm. This gives average radii of (0.55 + 0.04) um and (1.2 + 0.08) pm
respectively, using the resistivity values of Burckbuchler & Reynolds (1968). v

Several transition curves were studied well into the first order region, the most detailed of
these being the zero-strain curve of whisker no. 21, in which measurements made on two different
days agreed very well with each other. Measurements were also made for the same whisker at
maximum strain (see figure 7a) and for whisker no. P3 at a strain of 0.359%, (see figure 8a).
On these ‘forked’ curves, the lower branch of the curve represents observed supercooling fields,
while the upper branch shows thermodynamic equilibrium fields. No superheating was observed
in these cases.

Since the same equation (4.5) describes both the supercooling field and the thermodynamic
equilibrium field in the second order region, a graph of ch against 7 should be a straight line
for the supercooling points, continuous with the relevant points of the second order region. The
supercooling points are plotted in figure 74 and figure 85 and it is seen that they do indeed lie on
the same line; the supercooling is well described by theory. Since all the supercooling points
measured in this series of experiments lie on the theoretical line, the supercooling of the whiskers
under these conditions must be the maximum possible, so that the measured theoretical tran-
sition field is the limiting supercooling field, corresponding to curve 2 in figure 1¢. It would also
be possible for less supercooling to occur, corresponding to a curve such as 3 in figure 1c.

From (4.6), the points of the thermodynamic equilibrium curve in the first order region
should liec on a straight line when plotted in the form of J against 4%, where the experimental
quantity J is defined by

J = (hyp—1)2[ (K} —Bt). (7.2)
According to the theory,
L Y 2)
=3 172([)1+b2hT . _ _ (7.3)

The graph should have a slope of 16a,¢,/363, which (from (2.8) and (2.12)) is equal to 4.125.
The intercept on the abscissa determines ¢;.

Before plotting this graph, it was necessary to estimate 7" and H’ as accurately as possible for
(a) whisker no. 21 at zero strain, () whisker no. 21 at maximum strain, and (¢) whisker no. P3
at a strain of 0.35 9%, so that points could be plotted in reduced form. The difference H, — H;, at
a given temperature was plotted as a function of temperature as shown in figures 12¢-¢ and a
straight line could be drawn through these points, cutting the axis at a finite angle, so that the
curves for the thermodynamic equilibrium field and for the supercooling field do not appear to be
tangential to each other at the critical point, as the theory of the Landau critical point requires.
The upper and lower limits on 7" and H’ established from these plots were used in plotting the
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F1cure 12. Branching of the thermodynamic critical field Hr from the supercooling field H,, as a function of
temperature for () whisker no. 21 at zero strain, (b) whisker no, 21 at maximum strain, (¢) whisker no. P3
at a strain of 0.35 %,.

(h2—1)2/(h?—&t)

J

10

%24

L L
(@) (d) 8 ()
g/ - I
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d 1 R S R | co
2 0 2 4 0 2
h2

Ficure 13. Variations with reduced field A2 of the quantity J = (h%*— 1)%/(h*—8¢) for (a) whisker no. 21 at zero
strain, (b) whisker no. 21 at maximum strain, (¢) whisker no. P3 at a strain of 0.359%,. Error bars were esti-
mated by considering the accuracy with which (H’, T”) could be determined from graphs in figure 12. The
slope of such graphs near 4% = 1 should be 4.125, while the intercept on the abscissa gives the value of C at

= 1, then C = 0 at the critical point.

the Landau critical point. If the intercept is at A2

graphs of J against 42 shown in figures 13 a—c respectively; because of the uncertaintyin 7’ and H’

each experimental point has been plotted as an ‘error bar’. The theory has been developed

on the assumption that A? does not greatly exceed unity. We therefore plot figures 13a—c as

required by (7.2), and draw tangents to the resulting curves at the point 42 = 1. A line of slope
4.125 can be drawn tangential to the first few points of (a) and (4). When points in the range
1 < 8¢ < 2 are considered, the slopes are respectively 2.8 + 0.2, 3.4 + 0.2 and 2.2 + 0.2.
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334 B.ROTHBERG BIBBY AND OTHERS

The intercept on the abscissa appears to be at 1+ 0.1, indicating that C ~ 0 at the critical
point. If indeed C ~ 0 at the Landau critical point, (4.12) to (4.14) predict that, as is observed,
the curves of 42 versus 8¢ for the thermodynamic equilibrium and the supercooling transition
should not be tangential at the Landau critical point, but should have slopes of 1.32 and 1 respec-
tively. The observed ratios of these slopes, 1.28 for the most reliable set of results (whisker no. 21 at
zero strain) and 1.31 and 1.63 for the less reliable sets (no. 21 at maximum strain and no. P3 at
0.35 9, strain respectively), with probable errors of +0.1, + 0.1 and + 0.2, are compatible with
this prediction.

The value of C at the Landau critical point depends on the size of the whisker, and we are led
to the conclusion that whisker no. 21, for which we have two sets of measurements at different
strains, was fortuitously of such a size as to give C ~ 0 at the Landau critical point, while whisker
no. P3 is almost the same size, and the observations are too sparse to allow a detailed analysis.

It is perhaps remarkable that our experimental results should conform closely to those pre-
dicted if C = 0 at the Landau critical point, and we may ask if there are any circumstances in
which this result would be true for whiskers of arbitrary size. This would require a strong depen-
dence of ¢; on temperature, contrary to the spirit of a Landau expansion. In fact, if 4, B and C
in (2.11) vanish simultaneously for whiskers of all radii r, with a,, b, and ¢, independent of 7, a,
given by (2.2) and a,, b, and ¢, by (2.12) and (2.8), we must have, in addition to the results
H'ec 1[r, T — T' oc 1/r?, the quite unphysical dependence ¢;oc 1/(7c— T7).

II. SAMPLES UNDER ELASTIC STRAIN

8. THE THERMODYNAMIC ORDER OF THE TRANSITION IN A
STRESSED SUPERCONDUCTOR

It is not immediately obvious that the phase transition in a stressed superconductor in the
absence of a magnetic field will be of second order. Just as the normal-superconducting transition
leads to a finite change in the magnetic induction in a sample exposed to a constant magnetic
field, so it leads to a finite change in the elastic strain in a sample exposed to a constant stress. The
transition in the former case is of first order: should it not be of first order also in the second case?
Indeed, we might argue that the transition produces a finite change in the elastic constants, and
s0 leads to a finite change in the volume of a sample under hydrostatic pressure. Such an argu-
ment is erroneous. The standard result for the difference between the volume v$(H¢) of the super-
conducting sample in the critical field H,, and the volume of the normal sample v, is (e.g. (3.17)

of Shoenberg 1965)
vn—vs(Hc) = Hcvs(fle) (al{c/aP)T/47T, (8.1)

and this certainly vanishes for any transition in the absence of a magnetic field, where H = 0.
The derivation of (8.1) proceeds by a consideration of the Gibbs free energies of the normal and the
superconducting states. These Gibbs free energies are expressed in terms of £, 7" and H as in-
dependent variables, and it is not assumed that P = 0; nor it is assumed that the transition is of
second order.

We may illustrate this somewhat surprising result by considering a sample brought from the
state A in figure 14, where it is normal at zero pressure at a temperature just above 7¢(0), either
to the normal state G or to the adjacent superconducting state F, both under pressure AP at a
temperature T¢(AP). If K» and Ks represent the compressibilities in the normal and the super-
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conducting states, and a™ and «f the corresponding coefficients of thermal expansion, we have

UB"'UA =1 —UKHAP, (8.2)
Ug—vg = Vo (0T[OP) f AP, (8.3)
vp — Vg = — 008 (0T [OP) iy AP (8.5)
and vg—vp = VKSAP. (8.6)
B
° A
P A AP
Ed . DeNJA v
7.(AP) 7:(0)

Ficure 14. Paths by which a superconductor is brought from the normal state just above 7,(0)
to a state at pressure AP and temperature 7,(AP).

Adding these five equations, we find
Vo — vy = VAP[(K® = K1) — (a® — o) (0T, [OP) 5 ]. (8.7)

We now substitute the values of K — K obtained from (3.20) and (3.21) of Shoenberg (1965) by
putting He = 0, namely

K3 —Kn = (0H,[0P)% /4w (8.8)
and
o = = — (Ho[dT) p (3He[OP) 1[4, (8.9)
obtaining
_ AP (0H.\ [(0H. OHe\ (T 1 _
Pe—tp =V (‘aF)T [(6?);“ (W)P(BF)H] =0 (8.10)

The change of volume associated with the different compressibilities in the normal and super-
conducting states is exactly compensated (to first order in AP) by the change of volume associated
with the different thermal expansion coefficients of the two states. Clearly, a finite stress may in-
duce a change in the order of the transition (and we can find situations in the neighbourhood
of the Landau critical point of a small sample where it will do so). What we have shown is that a
small stress will not in general cause the order of the phase change to alter.

37 Vol. 278. A.
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336 B.ROTHBERG BIBBY AND OTHERS

9. ANALYSIS OF PHASE DIAGRAMS OF STRAINED WHISKERS
USING ONLY GINSBURG-LANDAU-TYPE THEORY

Although it was in fact an axial strain component ¢; which was measured experimentally, it
is preferable to discuss the system in terms of stress components o7, since a single stress component
can be applied to the sample, while it is not possible to impose a single component of strain. In
this experimental section strain e is often used to indicate the axial strain component actually
imposed, but in the discussion that follows we use o

Using the Ginzburg-Landau type theory developed in part I of this paper, we can draw con-
clusions about the second order transition surface in (H, 7, ¢) space, and can also estimate the
change with strain of Ay/r.

As shown in table 3, the graphs of HZ against 7" were straight lines (to 2 9, accuracy) forstrains
up to 0.7%, of whiskers nos 21 and P3, which were of [001] orientation, and also (to lesser accu-
racy) for strains up to 2 %, of whiskers nos 23 and 24, which were of [100] orientation. The entire
transition surface in (#, 7 ¢) space is therefore well described at any given strain by the Ginzburg-
Landau theory developed above; if the transition surface isindeed of second order, we are justified
in later applying the Ehrenfest equations to it. For the present, we can regard strain as a mechan-
ism by which one superconductor is continuously converted to a different superconductor, charac-
terized by a different H,,, 7z and Ay,/r. We can then use our results to see how A,,/r varies with
strain. (For simplicity we regard A,,/r as a single parameter, since 01n 7/0¢; is known, and is small.)

From figures 114, b and from table 3 we obtain values of

d[In (0HZ[OT) ;5]/des = 20 + 4, (9.1)
for whiskerno. 21 and d[In (0H2/0T)ez]/des = 43 + 17, (9.2)
for whisker no. P3, where both whiskers are of the same orientation, namely [001].

From (3.8), dIn (BH2[0T) = 2dIn Hyy+2d In (Agy/r) —d In Ty,

(
where the derivatives can be taken with respect to either o, or ¢;. Using the latter, and using (
and (6.1), we obtain 2dIn (Agofr)/de; = 5 + 15 (

(

L © o ©
(L N )

-3)
4)
4)
for whisker no. 21, and 2d In (Agy/r)/de; = 27 + 13 .5)
for whisker no. P3.

The disagreement between the two whiskers in this respect is also shown by the behaviour of 7’
as a function of strain (see figures 7 (a) and 8 (). Because of (6.1), an increase in A,y/r with strain
will give rise to an increase in 7o — 7. Whisker no. P3 shows an increase with strain in both these
quantities, while for whisker no. 21 they both remain roughly constant. The increase of Ayfr
with strain in the case of whisker no. P3 is comparable with the changes in 7¢ and H,.

We do not understand the difference in the behaviour of these two whiskers. If we combine the
two sets of observations we obtain

d[In (0H2[/0T)][de; = 32 + 11, (9.6)
and 2dIn (Agy/r)[des = 16 + 14. (9.7)

The second order regions of the thicker whiskers were not extensive enough for d In (Ay,/r)/de,
to be estimated with any accuracy for whiskers of [100] orientation. As seen in table 3, whisker
no. 24 was strained to ¢ ~ 2 9, and A,/r then changed considerably.
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The values of 0HZ[0T obtained in transverse field are about one sixth those in parallel field,
while they should be half as big on the Ginzburg model, as discussed in §§2 and 3 above. It is
possible that this discrepancy is caused by the irregular cross section of the whisker, as discussed
in §6 above. We do not have sufficient data in transverse field to be able to say whether this ratio
of 1/6 is typical of whiskers or varies from sample to sample, as it ought to if the irregular cross
section of the whisker is an important factor.

10. THE EHRENFEST RELATIONS FOR A SMALL ELASTICALLY STRAINED
SUPERCONDUCTOR

Changes in the Gibbs free energy of the sample can be written (Seraphim & Marcus 1962)
in terms of the magnetization A, the volume v and the entropy S, giving

6
dG = —SdT— MdH-v 3, ¢,do,. (10.1)
i=1

The quantities S, M and ve; are first derivatives of G, and must be continuous at a second order
transition. At any point on the transition surface we have the condition M™ = M?, while
Mn4dMn = Ms 4 dMs at an adjacent point, so that dA/» = dAs on the second order surface.
The increment in magnetization is given by

dM® = (QMOH ) g,y dH+ (OMP[0T ) 1,y d T+ (0M2[00,) 1 do
and similarly for dA/s, so that the changes in the differentials are given by
Ars(OM[oH )y, dH + A™S(OM[OT) g, ;A T+ A8 (0M[007) gy, pdor; = 0. (10.2)

Similar relations exist for the entropy S and for ve;.

We now put the differentials do;, dH and d 7" in (11.2) successively equal to zero, and introduce
symbols for the uniaxial coeflicient of thermal expansion o; = 0¢;/0 7, for the diagonal compon-
ents of the clastic moduli s;; = 0¢,;/00; and for the thermal capacity at constant o, and H, C, .
The repeated indices do not here imply a summation. We also use the Maxwell-type relations

@M[OT )y, , = — (38[0H )z, 5,

(O(ve) [0H ) g, o = — (OM[00) 1, 7y (10.3)
and (08/00) g, r = — (0(v€) [0T ) 1, ’
and obtain the Ehrenfest equations o
do,=0: (0H[OT), = —Ars(0M[0T )y, ,/AS(OM[OH) 4, » (10.4)
dH = 0: (0T[o0;)y = —Ars(AM[00;) g, [/ A2S(OM[OT ) gy, (10.5)
and dT =0: (0H[do;)p = —A*S(OM[00;) g, p[APS$(OM[OH ) 5 . (10.6)
Similarly, using the relations analogous to (10.2) which hold for the other first derivatives §'and
ve;, we obtain
do, =0: (0H[0T), = —A1s(0S[0T) . g/A"s(0S[OH )y
= +A0(TC,y)[Ams(0M[3T) , 4, (10.7)
dH = 0: (0TJo0)y = — Ams(3S[30) s, pf A2(S[OT )
= + Ao, [Ars(T1C ), (10.8)

372
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dT = 0: (0H[00;)p = — AnS(3S[00y) gy, o] ADS(BS[OH ) 1, o

= —Avspa, [Ars(OM[OT) ,, g, (10.9)
do; =0: (0H[OT), = —Arsv(0e,[0T ) g, ;] A8 v(0e,[0H ),
= +Anspa,[Ans(OM[00,) g1, 1y (10.10)
dH = 0: (0T[00y)y = — A (v0e;[007;) g, p| AS(v0e; 0T ) 1,
= — Avsys;;[Ansp o, (10.11)
and dT =0: (0H[00;)p = — A"(v0€,;[00;) g, p[A™Sv(0e;[0H ) 11
= + Ansps,;[Ans(0OM[00;) g7, - (10.12)
Only six of these nine equations are independent, since
(0H[OT), (0T[00;) g (0o, [OH )y = — 1. (10.13)

The equations (10.7), (10.9), (10.10) and (10.12) have been written in such a form that each
involves both a derivative of A/ and one of the quantities C,z, ; or s;;. Equations (10.8) and (10.11)
do not involve M and their right hand sides can be equated to give the identity
Ans(ve)[AnS(TC ) = — Arssy | Arecr, (10.14)
which has been derived by Pippard (1960) for the case of a superconductor under hydrostatic
pressure and found to agree satisfactorily with the then available data for bulk tin. We now pro-
vide a similar verification for tin under uniaxial stress along the tetragonal axis, and we also
verify the Ehrenfest relations (10.8) and (10.11) as well as applying (10.5) to our measurements.

11, APPLICATIONS OF THE EHRENFEST RELATIONS TO EXPERIMENTAL
DATA ON STRAINED WHISKERS

Measurements of the required changes at the transition of the quantities C,y, «; and s;; have
been made only at zero strain, and only for large samples, the experimental procedure being to
make the measurement as a function of temperature and to extrapolate to 7¢. Because of the
argument given in §5 above, it is valid to use these values when discussing the behaviour of our
small samples. '

The following values have been obtained:

(a) Corak & Satterthwaite (1956) and Cochran (1962) measured the specific heat as a func-
tion of temperature both in the superconducting state (/= 0) and in the normal state (in the
presence of a field) and found that, for bulk tin, 42$(C(Z¢)/T¢) = 2.7m]J mol~* K2 so that, for a

sample of volume v, Ans(C(Te)[Te) = 1.6Tvx 10-4] K2, (11.1)
(b) White (1964) measured the coefficient of thermal expansion as a function of temperature
by a capacitative method, obtaining

Ansgy = 8,5 x 10-8 K1 (11.2)

for the value along the [001] axis, while his value along the [100] axis is virtually zero.
(¢) Gibbons & Renton (1959) measured the velocity of sound in the normal and super-
conducting states and extrapolated to 7 to obtain a change in the elastic modulus of
ADS5gq[555 = (32 £ 4) x 1077,
Rayne & Chandrasekhar’s (1960) value of 553 = 11.5 x 1073 cm?/dyn then gives
Anssgy = 3.5 x 10718, (11.3)
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These values can be substituted into equation (10.14), when the left-hand side is found to give
5.1x 1071 Kcm?dyn—! and the right hand side 4.1 x 10~ Kcm?dyn~1, which is in good
agreement in view of the errors quoted by the individual authors.

Our measurements now allow a verification of the Ehrenfest relations (10.8) and (10.11). The
values in (11.1), (11.2) and (11.3) inserted into (10.8) predict that 0 7¢/0o3 should be 5 x 1011 K
cm?/dyn, while (10.11) predicts that 07;/00 should be 4.5 x 10~ K cm?/dyn. The actual value
of 07¢/00; at zero strain (see (6.2)) is (4.83 +0.12) x 10~ K cm?/dyn, so that the Ehrenfest
relations have been verified by our measurements in the case of zero strain and zero field.

Returning now to (5.12), (5.13), (5.14) and (5.15), we see that all these second derivatives of
G vary with field and temperature in the same way in the sccond order region (i.e. they are all
inversely proportional to the coefficient B), so that the Ehrenfest relations between them will be
satisfied throughout this region.

Since all the other Ehrenfest relations explicitly involve the magnetization M, which we have
not measured directly, we can relate them to our measurements only by the use of a theoretical
formula, such as (5.4). For example, (5.14) may be written, when ¢ ~ 1 and H ~ 0,

—vH (v \? TOlnT,
By using (5.12), this becomes
(0T00s) st = TITo(0Tef00) 1 o (11.5)

This predicts that, while ¢ ~ 1, the curves shift rigidly with strain, at a rate determined by
d7¢/do,. Figures 7a, 84, 9 and 10 show thatitisindeed a fair approximation to say that the (He, T')
curves shift rigidly with strain near 7¢(¢), namely linearly for a [001] whisker and parabolically
for a [100] whisker.

12. CONGLUSION

Transition surfaces of ‘moderately’ small, elastically strained superconductors (tin whiskers)
have been plotted (I) at fixed strain, (II) as a function of strain, in the range of temperature near
that point at which the transition changes from one of second order to one of first order in the
Ehrenfest sense. The point at which the order of the transition changes is described as a critical
point of Landau type, and we have derived the form of the variation in the specific heat and other
second derivatives of the Gibbs free energy near this point. Since the magnetization of the sample
must be expressed as a sum of powers of the order parameter up to ¥4, it was thought necessary
to extend Ginzburg’s (1958) analysis by including a term in ¥® in the free energy even in the
field-free case. The corresponding coeflicient was estimated from experimental data, and found
to be negative. The observed thermodynamic transition curve branched at a finite angle from that
describing supercooling; in general the theory predicts that these two curves should be tangential
at the Landau critical point. A way of explaining these observations is suggested elsewhere
(Nabarro & Bibby 1974).

We have also shown, both experimentally and theoretically, that the transition of a small super-
conductor near 7, remains of second order under homogeneous elastic stress.

We should like to thank Professor M. J. Skove for critically reading the manuscript and the
University of the Witwatersrand, Johannesburg, and the Council for Scientific and Industrial
Research, Pretoria, for financial support.
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APPENDIX. DESCRIPTION OF A ‘SMALL’ SUPERCONDUGTOR

The free energy G given by (2.7) may alternatively be expressed in terms of the energy

gap 4 in the form
G = a, A% + §by A* + my H?A~% — my H?A~* + mg H?A S, (A1)

where m;, m, and my are given by (2.8) and ¢, and b, are redefined. We now express A2 in terms

£4Db
oAy A2 = | A2 — [, A4 4 [, A5, (A2)

This gives rise to a more general expression than (2.6). Adding a term ic, 4% as before to (A1)
and inserting (A 2) we obtain
= g A%+ 3b A+ Je  A® - my HA A2 4 H2(my Ly + myl2) A+ H2(my s + 2myly 1, + my I3) A8, (A3)

which is of the same form as (2.10) and (2.11). The coefficients a,, b, and ¢, are now given not
by (2.12) but by

ay = myly, by=2(myly+myl3) and ¢, = 3(myly+2mylyly +myl3). (A4)
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Since ¢ and 4 are implicit variables which do not appear in the final formula, many of the results
of §§1-5, for the Ginzburg limit, apply also in the general case. If the same temperature depen-
dences are used for ¢, and b,, then all the results can be taken over.

In the Ginzburg-Landau limit of a clean specimen with a radius 7 such that there exists a
temperature 7" such that r = \/(3) A(T") with 7. — 7" < T" we take [, = 0, I; = 0 in (A3) and
(A4). Bardeen (1962) discusses a specimen with 7 < A(0) < £, where boundary scattering
necessarily makes the sample ‘dirty’. Bardeen’s form of the free energy (his equation (5.2))
has m, # 0, my = 0, my = 0 (scc his cquation (A7)); since his sample is so small, terms of higher
order in r/A are neglected. In equation (5.2) of Bardeen (1962), [, # 0, [, # 0, [; = 0 (sec his
equation (3.13), which is expanded to order 44in his (5.2); the termin ¢, nced not be introduced
in (A3) in this case). The Ginzburg-Landau and Bardcen cases can thus be made formally
equivalent, so that G has the same properties. As seen in (5.4) to (5.6) of Bardeen (1962), a tem-
perature (denoted ¢,), analogous to 7" in the body of the paper, is predicted by Bardeen’s theory,
such that the transition is of second order above ¢; and of first order below it. Here, however, it
is not the sample size but the material parameters N(0) and V which determine the critical point.

We should like to thank Professor J. Bardeen (1973) for confirming our detection of an error
in (5.2) et seq. of his paper (Bardeen 1962) and for pointing out another error in this equation.
His term a, should be prefaced by a factor }, and the term 3344 should be prefaced by 3 instead
of ;.

It is interesting to compare Bardeen’s formula for the magnetic energy with that used in the
Ginzburg-Landau limit in the body of the paper (equation (2.7)). Near T¢, where A(7") > r the
two formulae are equivalent. We use the results of weak-coupling isotropic B.C.S. theory:
N(0) 4% = HZ ,(0)[4m and &, = hwpfn,, and also use Bardeen’s (1962) equations (A7) and
(3.13). Bardeen’s formula (5.1) for the magnetic energy is $aH2N(0) 4,4 tanh (344), which
can be written as

. (7)2112§0/\2L
(0

281\3) Ux A

Since g, = } for a cylinder in parallel ficld (Bardeen 1962, table I), this equation is equivalent
to the third term in (2.7) in our paper, provided that we write A2 = £ A%/l, where [ is the
mean frec path in the sample. 1t is well known (Lynton 1969) that such a procedure gives
good agrcement {or small or impure specimens.

It is also of interest that Bardeen’s (1962) equation (5.8) for the shape of the transition curve
near T¢ predicts that /42is proportional to (7c — T'), in agreement with (3.4) in our work.
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